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Brian Lannen

Murray Mathematics Curriculum
Services

Brian Lannen has been teaching for over
35 years in Victoria and NSW. He has
taught Physics, Maths and Science in
schools, university and TAFE colleges,
was a curriculum consultant in NSW and
New York and has contributed to a range
of text-book writing projects. He helped
establish T-Cubed (Teachers Teaching
with Technology) in Australia in the 1990s
and is now a Senior Mentor to that
association and Principal Host of the
Texas Instruments Australia webinar
program.




Angel Wong

St. Andrew’s Christian College

With over 15 years of classroom experience, | have
taught Mathematics, Science, and Biblical Studies,
bringing a rich, interdisciplinary perspective to
education. Formerly a computer engineer, |
developed a deep appreciation for technology's role
In solving complex problems, a passion that now
drives my teaching philosophy. Committed to
inspiring creativity and fostering innovative thinking, |
integrate my extensive knowledge of Mathematics
and technology to equip students with essential skills
for future challenges. Enthusiastic about merging
technology with Mathematics education, | promote a
learning environment that encourages curiosity and
critical thinking. In my upcoming presentation at the
Maths Association Victoria, | will showcase how
technology can inspire creativity and innovation in the
Mathematics classroom.




Session Description

» Consider that a breakfast cereal company is running a promotion by

inserting a famous mathematician card into each box

of cereal. If

there are 6 different cards in the set and the placement of cards is
equal and random, how many boxes of cereal on average would you
expect are needed in order to collect the full set of cards?

 Participants will partake in hands-on investigation of t
coupon) collector problem with the opportunity to exp

ne card (or
ore through

intuition, simulation and calculation. This classic prob

em could be

used as the basis for a Mathematical Methods Investigation task,
specifically examining expectation, probability distribution and
confidence intervals. However, at a basic level, it is also accessible
to junior students and can be used to meet the F-10 curriculum
requirement to “conduct simulations, using digital tools to determine

probabilities and describe results (VC2M8P03).”



Victorian Certificate of Educatio

Accreditation Period

Mathematics 2023-2027

Study Design

i Key sKills

using technology, and the display and interpretation of results, including informal consideration of
proportions in samples

set up probability simulations, and describe the notions of randomness and variability, and their relation to
events

the purpose and effect of sequencing, decision-making and repetition statements on relevant
functionalities of technology, and their role in the design of algorithms and simulations
» simulation to estimate probabilities involving selection with and without replacement.



Investigation using simulation in
Victorian F-10 Maths curriculum V. 2.0

N Victorian Curriculum

Foundation-10

Mathematics Version 2.0

2023 2024 2025 2026

FAMILIARISATION '

START IMPLEMENTATION (optional)
Mathematics

IMPLEMENTATION CONTINUESS




Probability content descriptions include:

Level 7 conduct repeated chance experiments and run simulations
with a large number of trials using digital tools; compare predicted
with observed results (VC2M7P02)

Level 8 conduct repeated chance experiments and simulations, using
digital tools to determine probabilities for compound events, and
describe results (VC2M8P03 )

Level 9 design and conduct repeated chance experiments and
simulations using digital tools to estimate probabilities that cannot
be determined exactly (VC2M9P03)

Level 10 ... design and conduct simulations using digital tools to
model conditional probability and interpret results (VC2M10P01)



Card (or Coupon) Collector Problem

Consider that a breakfast cereal company is running a
promotion by inserting a famous footballer

card into each box of cereal. If there are 6 different cards in
the set and the placement of cards is equal and random,
how many boxes of cereal on average would you expect
are needed in order to collect the full set of cards?



Card (or Coupon) Collector Problem

Consider that a breakfast cereal company is running a
promotion by inserting a famous female mathematician
card into each box of cereal. If there are 6 different cards in
the set and the placement of cards is equal and random,
how many boxes of cereal on average would you expect
are needed in order to collect the full set of cards?

o e e e




Electronic Simulation

randInt(1,6,20 “ Aboxes B C D =
{153|6323536:2:351!6!1|1|4!6!6!2!2!1!1!5} — =0neVar(
randInt(1,6,20) 1 13 Title One-Va..
{1,2,2,6,1,6,4,2,6,5,2,2,6,6,1,1,5,6,4,2 } . ol oo
randInt(1,6,20) 3 14 3x 49, A
11,6,2,3,1,2,6,3,4,4,1,1,1,5,5,6,3,1,3,6 § . 1255 500.
randInt(1,6,20) 5 SX := Sn-..  1.70783

{5,4,4,6,5,5,4,3,2,4,6,1,3,3,2,5,6,3,3,2 } —1225 <




Background knowledge

Bernoulli Distribution
A discrete probability distribution.

*Models a single trial with two possible outcomes:

Success (1)
Failure (0)

Example: Coin flip (heads = 1, tails = 0).
. Product quality test (Pass = 1, Fail = 0)
. Requirement (Met = 1, Not Met = 0)



Background knowledge

Bernoulli Distribution

*Probability of Success (p)
*Probability of Failure (1 —p)
Random Variable (X)

Pr (X = x) 1-p p

*E(X) =2 2p(x) =0 (1-p) + 1 (p) = p
Var(X) =2 -’ px)=p (1-p)




Background knowledge

Geometric Distribution

*A discrete probability distribution modelling the number of
Trials needed to achieve the first success

Each trial is independent with:
*Probability of success p
*Probability of failure 1 - p

Example: Rolling a die until you geta 6




Background knowledge

Geometric Distribution

For the first success to be at k-th trial:
First (k -1) trails are failures
*The k-th trial is success

Probability for this event is :
P(X =k) = El—p) X ... X (1—p2><p

o

(k—1) times

= (1-p)'p




Background knowledge

Geometric Distribution

Random Variable (X) — Number of trials until the first success
-Success Probability (p) — Constant probability of success in
each trial

Pr(X=x) P (1-p)ip) 1—-p)*(p) A-p)i’@E A-p*p
EIX] =p+ ...+ k(l—p)'p + ...

= - 1
= p>_k(1—p)t = b
k=1




Back to coupon collect problem

Repeated Geometric Distribution

To get the k-th coupon, after collecting k — 1 coupons:
Failure = getting coupon you already have
There are k— 1 choices

Success = getting a new coupon.
There are n— k + 1, where n is the total
number of coupons to be collected

Example: If there are 6 (1, 2,..6) coupons to be collected
and we have collected cards 1, 3, 4:

n =6, k=4 (to get the 4t coupon)

k—1=3

n—(k—-1)=n-k+1=3




Back to coupon collect problem

T is the discrete random variable representing
@ number of purchases needed to get the Ath
j§ coupons after collecting k-7 coupons

: T is geometric random variable with

& - n—-k+1
¥, success probability p = -

n
n—-k+1

A Therefore E(T),) =

g~ WY




Calculation

Consider that a breakfast cereal company is running a
promotion by inserting a card into each box of cereal. If
there are 6 different cards in the set and the placement
of cards is equal and random, how many boxes of
cereal on average would you expect are needed in
order to collect the full set of cards?

E(X)

where X = number of cereal boxes needed to
collect a set of N unique cards.




Calculation

Hoping for a Bernoulli

trial “success” by adding
the kth discrete card to k
| my collection on the
opening of next box.
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Calculation

Hoping for a Bernoulli

trial “success” by adding
the kth discrete card to k
| my collection on the
opening of next box.

e
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m . X )
Calculation ~- E( )

Number of unique cards

ol | already have k-1 0 1 2 3 4 5

¥ Expected number of

ALY new cergal boxes N N N N N N N

needed in order to : _ -
obtain the kt" discrete N-k+1 N N—-1|N—-2|N—-3 |N—4 |N-5




m . X )
Calculation prik)-——— E( )

Number of unique cards

ol | already have k-1 0 1 2 3 4 5

¥ Expected number of

ALY new cergal boxes N N N N N N N

needed in order to : _ -
obtain the kt" discrete N-k+1 N N—-1|N—-2 |N—-3 |N—4 |N-5

E(X)




Calculation ) ———= ) E(X)=

Number of unique cards

new cergal boxes N N N N N N N
needed in order to — -
Pl obtain the k'™ discrete N-k+1 N N—-1|N—-2 |N—-3 |N—4 |N-5
N card
> Example when N=6 6 6 6
E(X — = =
(X | = - n

6 6 6 6 6 6 147
E(X)=—+—+—+—+—+— = e—= 4.7 6 1 1 11 11 14.7

6 5 4 3 2 1 10 1 2 2 4 5 6




Calculation

Where H,, is the n'® harmonic number.

6 14.7

12 37.2385

- E[X] =) E[Xy
k=1

.1
=3
k=1




Calculation

Thank you
Ray Rozen

37.2385

Thank you
Angel Wong

FFJEE) > *Card Col.SIC rap [I] X

"cardcollecting" stored successfully

Define cardco]lectingo= .
Prgm

Local cardsrequired xlist, j tile cardsgot,tfotalcc
Local fotalsim fotalcard,averagetiles trials
DelVar freglist

cardsrequired:=6

trials:=0

totalsim:=100

Forj,1,totalsim

Fori,l,cardsrequired v

*coupon..ho

A *CouponProblem.py

*coupon..hon

(A Python Shell 14/14

from math import *
from random import *

#N=total number of cards to ¢

N=6

#set() in python does not cou
collected_cards = set()
new_card=[]

packets_opened=0

while len(collected_cards) < |

16, 1,4, 4,6,3,2,6,1,5]

>>>#Running CouponProblem.py

>>>from CouponProblem import *

Open 6 packets to collect 6 distinct cards.
[5,6,4,3,2,1]

>>>#Running CouponProblem.py

>>>from CouponProblem import *

Open 32 packets to collect 6 distinct cards.
14,6,6,1,6,6.3.1,.6.5.6,4. 1, 1,3:. 3.4, 1: 5
9 2008000 1.9 1:8:6: 2]

>>>




Calculation Investigation

* How does the expectation
relate to the number of
different cards in the set?

* Can we also calculate the

=12 37.2385 Standard deViatiOn?
1Z(i) * What does the distribution
) look like?

e What if the cards were not of
equal likelihood?




Investigation

different cards in the set?

121314

*coupons?2

A n_unique E expectation C

=seqgen(n-
4.
5.

4
5
5 | 6.|
7
8

/.
8.

8.33333
11.4167
14.7
18.15
21.7429

C
S ]
S _
g 0
O
@
-l
>
@
G :
- 7_-
© 5
v .
v 03
L :

1.3

low does the expectation relate to the number of

*coupons?2

1 3 =0.012255 x2+4.1262- x4zl

I
R? = 0.999786

20 40 60 80 100
n_unique




Investigation

* How does the expectation relate to the number of
different cards in the set?

raD I X

n
1 Full set of tiles after 9
n E —| » 14.7
' Full set of tiles after 15
1=1 Full set of 6

| tiles on average after 100

simulations is 14.24

Done




Coupon collector's problem % 14 1anguages

Article  Talk Read Edit View history Tools v

From Wikipedia, the free encyclopedia

In probability theory, the coupen collector's problem describes "collect all coupons

0 50 100 150 200 50 ET)
and win" contests. It asks the following question: If each box of a brand of cereals zl‘
contains a coupon, and there are n different types of coupons, what is the probability ‘;;'..'
N [:]==0 -
that more than { boxes need to be bought to collect all n coupens? An alternative 10?"‘-,-"._-
statement is: Given n coupons, how many coupons do you expect you need to draw ﬁl ey by
with replacement before having drawn each coupon at least once? The mathematical g: ‘-.,_ '__‘*’ 1
analysis of the problem reveals that the expected number of trials needed grows as 20?——:!.—'"!_.-—__—@;1@
21 3 L
B(nlog(n))."! For example, when n = 50 it takes about 225! trials on average to 2l d%}*@ .
collect all 50 coupons. EECERYRENE @; ",
3:: i y ul : s-% |
e Se—tn,
Solution [edi] Eod ) SN
B : =
. . 40+ ; - V11
Calculating the expectation [edit] E: i Ik %'
- 1
: ' e
Let time T be the number of draws needed to collect all n coupons, and let t; be the ﬁ: - = '55}%
time to collect the /-th coupon after / — 1 coupons have been collected. Then %: T ' %,Eaﬂ
T =1+ -+, Think of T and ; as random variables. Observe that the ;E . " . iﬁ%ﬁ
N i _ n—(i-1) n-i4+l 58 : : Yo
probability of collecting a new coupon isp; = = . 60 " . >
n 1 n n ET=n ET=2n ET)=3n ET)=dn EiT)=5n
Therefore, #; has geometric distribution with expectation — = ————— . By the Graph of number of coupons,  vs the expected number of trials (i.e., &
i n—i+1 time) needed to collect them all, E(T)

linearity of expectations we have:

E(T) =E(t; +ta + -+ +1,)
=E(t1) +E(t2) + - + E(tn)

1 1 1
= — F i —
m P2 Pn
_n,n_ o n
1 —1 1
=n —+l+ —I—l
B L2 n
=n-H,.

Here Hj, is the n-th harmonic number. Using the asymptotics of the harmonic numbers, we obtain:
1
E(T)=n-H, =nlogn+n+ 3+ O(1/n),

where ~ = .R77215A6649 is the Fuler—Mascheroni constant

Coupon collector's problem - Wikipedia



https://en.wikipedia.org/wiki/Coupon_collector%27s_problem
https://en.wikipedia.org/wiki/Coupon_collector%27s_problem

5

Yefine p(x)= E

j=0

Investigation
 \WWhat does the distribution look like?

ﬁﬂ%n&@ﬂ(%?

Fork € {1,2,...,m}, the probability density function of W} is given by

k—ij—1
T

rﬂ=(T::) )mi nel{kk+1,...)

> ()

https://www.randomservices.org/random/urn/Coupon.html

5

10 15 20 25 30 35 40
packs

k;é—

X =|6.000 |p=[0.015 |

http://www.distributome.org/V3/calc/CouponCollectorCalculator.html


https://www.randomservices.org/random/urn/Coupon.html
http://www.distributome.org/V3/calc/CouponCollectorCalculator.html

Investigation

 \What does the distribution look like?

Fork € {1,2,...,m}, the probability density function of W} is given by

P(Wy = n) = (’;:__11) E(—nf(k;l) (k_j_l)n_l, ne{kk+1,...}

=0 m

https://www.randomservices.org/random/urn/Coupon.html

*Doc rap [I] X

S

‘ Vefine p(X)=Z ((- 1) nCr(s,)- (ST‘J

j=0

Apacks Eprob  Cprod D sum(prod) 14.7
x-l) = -p(packs[FpacksH]

0.015432 0.092593 !
0.03858 0.270062
0.060014 0.48011

0.075017 0.675154

S 10. 0.082769 0.827689
prod:='packs- prob «

>/

S

3

m

N
010 [N




Investigation
 \What does the distribution look like?

Variance

02 =X (x— 1° p(x)

A packs E prob C prod D deviati.. E dev_sq F prod2 sum(p?‘od.?) 28.0804
— =p(packs) ='packs*p =packs—1|=deviation] ='dev_sq*prc
J38.989393922142 0.24415
1 6. 0.015432 0.092593 -8.7 75.69 1.16806
> 7. 0.03858 0.270062 77 59.29 228742 ||
3 8. 0.060014 0.48011 -6.7 44.89 2.69402
4 9. 0.075017 0.675154 -5.7 32.49 2.43731
5 10. 0.082769 0.827689 -4.7 22.09 1.82837

deviation:=packs-1 dev_sq:=de-viati1:m2 =38.9893939.




Investigation

 What is the standard deviation of the number of boxes?
Coupon Colletor Experiment

> | m || | [Stop: 1000 v |m=6 e k=6 c—
000000

by

B ] K A|(3g 0.001 0.001 a
1 19 (6,6,6,6,4,1,6,5,5,2,5,6 39 0.001 0.001

2 17 (3,5,5,4,4,2,2,4,3,3,1, 49|, et

3 20 (1,6,1,4,3,4,6,2,1,4,6,6

4 23 (4,6,2,4,2,4,4,4,2,5,4,2 |lyean 14.7000 14.6676 0
5 12 (3,4,2,3,3,3,5,5,3,3,1,6w||sp = S0 Glah v
[~ 1T f2 C 9 9 A £ A 2 D2 &£ A &

4 G > . 4 | B

https://www.randomservices.org/random/apps/CouponCollector.html


https://www.randomservices.org/random/apps/CouponCollector.html

Investigation

« We can also consider confidence levels:

e.g. How many boxes of cereal would | need to be
a) 50%
b) 95%
confident of having now collected the whole set?

- x-1 ® 0.994063
' ' ). (22 ( ) dx
Define p(x)= (- 1)7- nCr(S,;)- — > 6}7 X
7=0 .
Done X x=13.3956
A solve p(x) dx=0.5,x
@ 0.994063 J6
GP(X) = X x=27.4254
A\ solve p(x) dx=0.95x
J6
h N v
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S App Download Instructions

Step I: Download the App ‘Arinex One’ from the App Store or Google Play

App Store Google Play

Step 2. Enter Event Code: mav

Step 3: Enter the email you registered with
Step 4. Enter the Passcode you receive via email and click ‘Verify'. Please be sure to check

your Junk Mail for the email, or see the Registration Desk if you require further

assistance.
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